We study a SIS epidemic model with an exponential demographic structure and a delay corresponding to the infectious period. The disease spread is described by a delay differential equation. Equilibriums and the basic reproduction number θ are identified. Using the monotone dynamical systems theory, local asymptotic stability of the two steady states is completely determined. Numerical simulations are carried out to illustrate the theoretical results.
Introduction
For many epidemiological models, it's necessary to consider time spent in compartments. For example, the incubation period for HIV could reach ten years [42] . It was shown in many studies that the introduction of the delay in a dynamical system can change stability of an equilibrium to instability [20, 42] . Moreover, in retarded models, fluctuating solutions are often observed [20] . Hence, the presence of delays in epidemic systems changes completely the asymptotic behavior of solutions.
In recent years, there have been many works dealing with dynamical properties of epidemiological models described by delay differential equations [8, 5, 6, 20, 41, 42] . The basic classical method for the local stability analysis of an epidemic delayed system, is to consider roots of the characteristic equation of the linearized system at an equilibrium. The equilibrium is locally asymptotically stable if and only if all roots have negative real parts [12, 22, 43] . On the other hand, the traditional framework to analyze the global stability is the well known: Liapunov direct method (the reader may consult [7, 29] for more details).
The present work provides a typical local stability analysis based on the monotone dynamical systems theory for a scalar delay differential equation. Most of applications of this theory were devoted to competitive systems which arise naturally from models in biological population dynamics [10, 24, 25, 40, 44] . However and in spite of their practicality and efficiency, very little applications of this theory in the mathematical epidemiology area have been developed [8, 20, 30, 31, 41] . Our previous article [8] has shown the usefulness of the implementation of monotone approaches in epidemiological studies.
The delay differential equation studied here arises from an SIS epidemic model with variable population size and a delay corresponding to the infectious period. This model has been proposed and analyzed in 1995 by Herbert W. Hethcote et al. [13] and recently by K. Niri et al. in 2010 [20] , where it was proved that under the quasi-monotonicity hypothesis, the model presents slow fluctuations around the endemic disease equilibrium. In the present paper, an approach to study the dynamic of the model using the exponential ordering is presented. With this method, the local asymptotic behavior around the two equilibriums is determined, the basic reproduction number is identified and its threshold property is established.
Our study is centred on the exponential ordering which was introduced for dynamical systems by H.L.Smith and H.R. Thieme in [35, 37] , but used earlier by K.Hadeler and J.Tomiuk to show the existence of nontrivial periodic solutions of delay differential equations using fixed point methods (1977) [9] . We recall in details via the preliminary section the definition of the exponential ordering.
Let us just know that the choice of an order ≤ on IR determines an order induced on the space C of continuous functions with values in IR. Let G be a semi group on the space C. We say that G is monotone (with respect to the order ) if:
For every ϕ, ψ ∈ C, ϕ ψ =⇒ G(t)ϕ G(t)ψ for all t ≥ 0.
If we limit ourselves to a semi-linear group, this notion is equivalent to: " G(ϕ) ≥ 0 whenever ϕ 0 ".
Monotone proprieties of dynamical systems have received the earlier attention for ordinary differential equations. For this case, there have been many contributions. Without any attempt to be complete, we can quote notably [21, 23, 26] . The important part of this theory is due to M.Hirsch who developed the well-known "Monotone dynamical systems theory" through many papers entitled "Systems of differential equations which are competitive or cooperative" [14, 15, 16, 17, 18, 19] .
For the infinite dimensional theory of monotone systems case, several generalizations were undertaken, notably by H.Matano [26] who introduced the notion of a strongly order preserving semi-flow, more flexible than the strong monotonicity used by M.Hirsch (see also H.Matano [27, 28] ) .
For discrete delay equations, the study of properties due to monotonicity was made first by P.Seguier [2] and later by O.Arino et al. [3, 4] and K.Niri et al. [1, 30, 31, 32] .
Recently, employing the ideas of M.Hirsch and H.Matano, H.L.Smith and H.R. Thieme have extended the applicability of monotone methods to functional differential equations [34, 35, 36, 37] .
However, monotonicity is not usually verified and its conditions are very restrictive. An other type of monotonicity defined by a partial order relation called exponential ordering was introduced by H.L.Smith [38, 39] .
The notion of monotonicity associated with this order is more flexible than that defined by the usual order, often called quasi-monotonicity.
The organization of this paper is as follows: In Section 1, we present some main tools of monotone dynamical systems theory for scalar differential equations with constant delay. Basic mathematical properties of the model are given in Section 2. In Sections 3 and 4 , we study the local asymptotic stability of the disease free equilibrium and the endemic equilibrium respectively. In Section 4, the results obtained are illustrated by numerical simulations.
Preliminaries:
Let ω > 0 and put:
Consider the scalar autonomous delay differential equation :
Where : ϕ ∈ C is the initial condition, and for all t ≥ 0 and all −ω ≤ θ ≤ 0 :
Equation (1.1) has a unique solution, denoted x(., ϕ), ( or also : x(ϕ)(.)) on an interval [0, T ) if, for example, f is Lipschitz on compact subsets of C.
More precisely we have the theorem: Hale's book [11] is a standard reference for functional differential equations. Let now define the linearised equation around an equilibrium . Definition 1.1. Let f : C −→ R a differentiable function. Let x * an equilibrium of (1.1) and L = df (x * ), the linear Delay differential equation: y (t) = L(y t ) is called the linearized system of (1.1) around the equilibrium x * .
H.L.Smith and H.R. Thieme introduced the exponential ordering generated by the closed cone defined for some µ ≥ 0 by:
is non-increasing on [−ω, 0]. If φ and ψ are differentiable functions then:
A bounded linear functional L : C −→ R is said to verify the property (M µ ) if , for some µ ≥ 0 we have:
Consider the special linear equation:
From, [38] page 104 : Proposition 1.3, we have:
One of the important results of the theory developed by H.L.Smith and H.R. Thieme in [35, 37] is that if (M µ ) holds for the linearised equation (1.1) around the equilibrium x * , then the stability of this equilibrium is similar as for the following ordinary differential equation obtained by ignoring the delay.
wheref is defined byf
The precise statement of the above concept is formulated in the following theorem established in [33, 38] :
Consider the equation (1.1) . Letf defined by (1.4) . Suppose that f is continuously differentiable in a neighbourhood of an equilibrium x * of (1.1) and df (x * ) verifies (M µ ) for some µ ≥ 0. Then : The model to be studied is schematically presented in Figure 1 . S(t), I(t) and N (t) denote the numbers of susceptible, infective, and total population size at time t, respectively.
β, b, and d denote respectively contact rate, birth rate and natural death rate. Put: i(t) =
I(t) N (t)
, s(t) =
S(t) N (t)
. We suppose that the length of infection is equal to a constant ω > 0, then P (t) is a step function, namely,
It has been proven in [13] and [20] that the disease spread is governed by the equations below [13] :
Finally to study the asymptotic behavior of (2.2) we consider the delay differential equation : .3) has a unique solution . Moreover it has been proved in Theorem 2.1 of [13] that for all t ≥ 0 we have: 0 < x (t, ϕ) = x ϕ (t) < 1.
Equilibriums and linearised equation of the model:
To simplify notation, we will identify x ∈ R withx ∈ C the constant function equal to x for all values of its argument.
. It is proved in [13] that Equation (2.3) has always a disease free equilibrium. An endemic equilibrium i * exists if θ > 1 and it is given by:
The linearized equation around the equilibrium x * associated to the delay differential equation (2.3) is given by:
The functionf described in the ordinary equation associated with equation
and its derivative is:f
3 Local asymptotic stability of the disease free equilibrium:
For x * = 0 , the linearised equation (2.4) reduces to :
with λ = (β − b) and η = −βe −bω .
Theorem 3.1. The disease free equilibrium of equation (2.3) is locally lo asymptotically stable if θ < 1 and unstable if θ > 1.
The proof of this theorem is a direct consequence of the following two propositions:
Proposition 3.1. Suppose equation (3.1) is (M µ ), then the free disease equilibrium is stable if θ < 1 and unstable if θ > 1.
Proof of Proposition 3.1:
By virtue Theorem 1.3, the study of stability returns to establish the sign of f (0).
Proof of Proposition 3.2:
We will prove that: 1−e −bω bω = e −αω . Since θ < 1 and α < b, then we have :
x − ln(x) − 1 > 0. We conclude that if θ < 1 then the condition (c) of Theorem 1.2 holds.
4 Local asymptotic stability of the endemic disease equilibrium :
and the linearised equation around i * is:
By taking i
in equation (4.1), we have: 
Proof of Proposition (4.1):
The functionf defined by (1.4) is such that:
Proof of Proposition 4.2:
We distinguish two cases:
We will prove that the three conditions of c) in Theorem 1. From the finite increments formula there exists 0 < α < b such that:
. Then , from (s) we have : ω | η | = e (α−b)ω (2 − θ) As : 1 < θ < 2 and 0 < α < b we have : 0 < 2 − θ < 1 and e (α−b)ω < 1. Finally :
. This is always true because xe −x < e −1 for all x = 1. We conclude that if 1 < θ < 2, then the condition (c) of Theorem (1.2) holds. 
Conclusion :
The main goal of this paper was to apply monotone dynamical systems theory to study the local asymptotic stability of a SIS epidemiological model incorporating both an infectious period and exponential demographic structure. Via this approach, the local asymptotic behavior of the two equilibriums has been completely determined. This theory is not called nor developed in this work.
The study of the asymptotic stability of this model is mainly based on Theorem 1.2 cited in the preliminary section. Necessary and sufficient conditions for the linearized equation around an equilibrium to satisfy the property (M µ ) are given. In combination with the very important Theorem 1.3, which reflects the similarity between the stability of the model to that of the correspondent ordinary differential equation obtained by neglecting the delay, we establish necessary and sufficient conditions for the asymptotic stability.
Our method is elegant, very satisfactory and practical. We validated the paper's results numerically with various numerical simulations (see Figure 2) . Using monotone approach, we find in Theorem 3.1 and Theorem 4.1 the same stability conditions established by Herbert W. Hethcote et al. in [13] via the characteristic equation's roots method. One of our perspectives is to extend this method to models described by systems with two or three equations. It is our belief that the main result of this work can give significan't results concerning the oscillations and periodicity for that system.
